For dispersions containing a single type of particle, it has been observed that the onset of percolation coincides with a critical value of volume fraction. When the volume fraction is calculated based on excluded volume, this critical percolation threshold is nearly invariant to particle shape. The critical threshold has been calculated to high precision for simple geometries using Monte Carlo simulations, but this method is slow at best, and infeasible for complex geometries. This paper explores an analytical approach to the prediction of percolation threshold in polydisperse mixtures. Specifically, this paper suggests an extension of the concept of excluded volume, and applies that extension to the 2D binary disk system. The simple analytical expression obtained is compared to Monte Carlo results from the literature. The result may be computed extremely rapidly and matches key parameters closely enough to be useful for composite material design.
Introduction
The relationship between transport properties and connectivity is an important application of percolation theory , the branch of statistical mechanics concerned with the connectivity of randomly distributed objects. Objects randomly placed into a system may form connected clusters. The onset of percolation occurs when the distributed objects are likely to be part of one connected cluster that spans the entire system.
The bulk properties of a composite material may be strongly influenced by the connectivity of a dispersed particle phase. For example, when the matrix is electrically insulating and the dispersed particles are conductive, connected clusters of particles may create long-range conductive pathways in an otherwise insulating material. When designing a composite material to have a desired set of properties, it may be of interest to find the distribution of particle shapes and sizes that yields, for example, the minimum particle mass fraction to obtain a given resistivity.
Determining the percolation threshold for various arrangements of particles has been the subject of much study in the literature. Berkowitz et al. [1] and Liu et al. [2] offer focused reviews on this topic. In a diverse range of applications, desired bulk material properties appear at the onset of percolation. Such applications include electromagnetic and radio frequency shielding [3, 4] , thermal resistors and self-regulating heaters [5, 6] , photothermal optical recording [7] , chemical sensors [8] , bioelectronics [9] , adhesives [10] , energetic materials [11] , waste stream treatment [12] , and functionally customizable Nomenclature f = number fraction of smaller disks, i.e. the probability that a randomly selected disk is of the smaller size n = inclusion number density, inclusion concentration r 1 = radius of the larger disk r 2 = radius of the smaller disk v = volume fraction N = number of inclusions R = radius η = inclusion fraction λ = disk radius proportionality constant, given by r 2 / r 1 such that λ is always less than one = fill fraction O = set of objects V sys = total system measure V = measure, used in place of area, A , or volume, V V ex = excluded measure P ex = pairwise probability of contact ex = excluded c = critical value, the value corresponding to the onset of percolation 2 = system of dimensionality two 3 = system of dimensionality three polymer composites [13] [14] [15] . The application of percolation theory in each of these cases relies on models with highly simplified assumptions relative to the physical system of interest. Although the quantitative predictions used are not wholly accurate, they are still used to guide designs. Improvements to the understanding of percolation theory, particularly for cases which reflect real world systems, can have impact in a wide variety of fields.
Some variables used to describe connectivity in two dimensions include the total area fraction, η 2 , which is the area of all objects in the system normalized by system size. For disks of radius R with number density n , the total area fraction is defined by
This concept is easily extended to the three dimensional case, where for spheres of radius R with number density n , the total volume fraction is given by
The dimension-specific terms of "area" and "volume" make a comprehensive discussion cumbersome. Therefore we adopt the following dimension-independent terminology: Remark 1. Percolation in two dimensions is closely related to percolation in three dimensions, and except for specific calculations it is most natural to provide a unified treatment. To that end, "measure" is used to mean "area" when the system is two dimensional, and "volume" when the system is three dimensional. The symbol V is used for the measure, to distinguish it from area, A , or volume, V . Percolation theory may be applied variously to particles distributed over a region, voids in a material, site occupancy in a lattice, bonds between sites, etc. Here we discuss all such cases as spatially distributed "included objects," or "inclusions."
We hereafter refer to the inclusion fraction, denoted η, that is the total measure of all included objects normalized by the total system measure. The fill fraction, denoted , is the fraction of the system measure that is occupied by at least one inclusion. The fill fraction is always less than or equal to the inclusion fraction, with equality in the case that the inclusions do not interpenetrate. The inclusion fraction at the onset of percolation is called the critical inclusion fraction, denoted η c , and the corresponding fill fraction at the onset of percolation is called the critical fill fraction, or percolation threshold, denoted c . In 1970, Scher and Zallan demonstrated that the critical inclusion fraction is a universal invariant for lattices occupied by non-interpenetrating monodisperse disks or spheres, dependent only on the dimension of the system [16] . They found that for two-dimensional lattices the critical inclusion fraction is η c ,2 = 0.45, regardless of specific lattice geometry, and for threedimensional lattices the critical inclusion fraction is η c ,3 = 0.16. By construction, lattice inclusions do not interpenetrate, so the values for critical fill fractions are the same as for the critical inclusion fractions.
The behavior of engineered composite materials is perhaps more closely related to continuum percolation, in which any of a continuum of points in a system may be occupied [17] . Research suggests that there are also universal percolation thresholds for monodisperse interpenetrating objects in a continuum [18] . Since the inclusions are allowed to interpenetrate, fill fraction and inclusion fraction differ; critical values may be given in terms of either one, and related to one another as in Section 2 below. Researchers report numerical experiments that give estimates of the critical parameters for disks in two dimensions of η c ,2 = 1.128 and c ,2 = 0.67, and for spheres in three dimensions of η c ,3 = 0.34 and c ,3 = 0.28 [19] [20] [21] . Moving beyond disks and spheres requires an extension of the inclusion fraction calculation based on the excluded region , which here denotes the set of points such that a second object placed at that point will contact the original object [18] . The excluded measure is the measure of the excluded region. Since the excluded region generally depends on the relative orientation of the two objects, the excluded measure is calculated as an expected value over all possible relative orientations. The need for an extended concept of measure can be seen by considering irregular objects like filaments or thin rods. Though these may occupy little or no physical space, it is intuitively clear that they will intersect and connect, and ultimately that these connections will result in percolation. The excluded measure captures the potential for such contact. Numerical studies in two dimensions suggest that the critical excluded inclusion fraction for monodisperse irregular objects is between 3.2 and 4.5 [22] . This result is consistent with the critical physical inclusion fraction of monodisperse disks; as the excluded area of a disk is four times its physical area, the critical excluded inclusion fraction is near the upper bound of this range. The equivalent range in three dimensions, hypothesised by Balberg et al. to be between 0.7 and 2.8 [22] , was consistent with extensive Monte Carlo simulations of ellipsoids in three dimensions [23] .
Monte Carlo simulations in the literature present percolation threshold values for interpenetrating disks, squares, and sticks of uniform dimension and random distribution [19] . Several researchers have determined the percolation threshold of interpenetrating disks of a single radius using Monte Carlo simulations [19, 20] . Researchers have also studied the percolation threshold of interpenetrating disks with two different radii, also called the binary disk system [24, 25] . Numerical percolation studies are reported for disks with more than two different radii [26] [27] [28] [29] , and for the related problems for spheres in three dimensions [30, 31] . For the binary disk system it has been reported that the percolation threshold, c , of any binary disk system is higher than for the monodisperse case [24, 25, 32] . Specifically, Quintanilla [24] uses Monte Carlo simulations to compute the percolation threshold as a function of the relative concentrations of the two types of disks and the ratio between the large and small disk radii.
The standard definition of excluded measure refers to contact between two identical objects (albeit over a range of relative orientations). Therefore to obtain similar universality estimates for polydisperse systems, the concept of excluded measure must be further generalized. The extension considered here is to apply the previous definition of excluded measure to all possible pairs of objects, and then to find the average over all possible pairs, weighted by the probability that each pairing will occur. We refer to the result as the average excluded measure . The average excluded measure evidently reduces to the standard definition in the monodisperse case, where there is only one possible interaction.
The following sections present an estimate for the percolation threshold of binary disk dispersions based on the hypothesis that this average excluded area is invariant at percolation, with the invariant value determined from the monodisperse limiting cases. The resulting analytical expression for the percolation threshold is subsequently compared to previously published Monte Carlo results.
Methods
As described in Section 1 , the excluded fill fraction has been observed to be roughly invariant for monodisperse systems. This section proposes an extension of the concept of excluded fill fraction to polydisperse systems. We begin with a brief review of existing results for continuum percolation of monodisperse systems of irregular interpenetrating inclusions. We then propose an extension of existing results to polydisperse mixtures. We close the section with the illustration of this extension to the system of bidisperse interpenetrating disks in the plane.
Number density, fill fraction, excluded measure and percolation threshold
To avoid complications from edge effects, it is convenient to consider percolation in large systems, where the system measure is much larger than that of any individual inclusion. The relationship between number density and fill fraction for interpenetrating inclusions in a large system may be found by the following limiting process as the total system measure becomes large:
Consider a monodisperse system of N interpenetrating inclusions, each of measure V. Let these inclusions be placed in a system of finite measure V sys . Furthermore, let the system size be chosen based on N so that the inclusion fraction
is constant. The probability that a particular point will be contained within a single inclusion placed into the system is
The probability that any given point in the system is contained in exactly k inclusions is given by the binomial distribution [33] ,
By construction, the product NP = (ηV sys / V ) · (V/ V sys ) = η is constant. Therefore the probability P (k ; N, P ) as N becomes large is given by the Poisson Limit Theorem [33] ,
The fraction of the system that is not contained in any inclusion is found by setting k to zero; the complement of this value is the fill fraction,
As discussed in Section 1 , for monodisperse systems of irregular objects the physical fill fraction is replaced by the excluded fill fraction. Specifically, the excluded inclusion fraction η ex is computed by substituting the excluded measure V ex in place of the physical measure V in Eq. (3) . Then the excluded fill fraction is given by ex = 1 − exp (−η ex ) . The invariance of the critical excluded fill fraction means that there is an invariant value ex,c (or, equivalently, invariant η ex,c ) that predicts the onset of percolation. For monodisperse disks in the plane, the excluded inclusion fraction and the physical inclusion fraction are related by
Since the two criticality criteria must coincide for this case, η ex,c = 4 η c, 2 .
Use of the excluded measure to characterize the inclusions allows interpretation of the probability P in terms of contact between inclusions:
Remark 2. If a single inclusion is placed randomly into a system, the probability that a randomly selected point will lie within that inclusion is given by P = V/ V sys . Analogously, the probability that that a randomly selected point will lie within the excluded region of the inclusion is P ex = V ex / V sys . P ex is also the probability that a second identical inclusion, placed randomly into the system, will penetrate or contact the first. That is, P ex is the probability that two identical inclusions placed into the system with random position and orientation will interpenetrate. We subsequently refer to P ex as the pairwise probability of contact .
In practice it is often easier to control the density of inclusions in the system rather than the total number. Therefore we define the inclusion number density or inclusion concentration as n ≡ N/ V sys . Then, from Eqs. (3) and (4) we obtain the relationship
Partial excluded measure and pairwise probability of contact
Eq. (9) is useful because it allows the critical inclusion concentration to be predicted in terms of the excluded measure. The standard definition of excluded measure assumes only a single type of object. However the pairwise probability of contact can be well defined for the polydisperse case. Hence we hypothesize that Eq. (10) will hold in general, and we derive our proposed extension below.
For a collection of polydisperse objects, the usual definition of excluded volume can be applied pairwise. Consider a set of inclusion types O. Denote the probability of choosing inclusion O i from O as P i , and assume these probabilities are independent. Let O i , O j ∈ O be two inclusions. Fix the relative orientation of O i and O j , and determine the set of placements for O j such that contact occurs. Define the partial excluded measure V i j to be the expected value of the measure of this set of points over all possible relative orientations. Note that V ii is the usual definition of excluded measure for O i , and that V i j = V ji . Then the probability P ex that any two inclusions, selected at random and placed into the system with random position and orientation, will be in contact is
With this expression for P ex , Eq. (10) becomes
= n i, j
We now state our main hypothesis: 
Percolation threshold for the 2D binary disk system
We now apply Eq. (15) to a 2D system comprising disks with two possible values for their radius. The larger disk type, O 1 , has radius r 1 = R , and the smaller disk type, O 2 radius r 2 = λR, where 0 < λ < 1. The relative number fraction n 2 / n of smaller disks is f 2 = f and therefore the relative number fraction n 1 / n of larger disks is f 1 = 1 − f . While there are many other interesting distributions, this system is chosen for explicit computation because extensive Monte Carlo simulation results are available for comparison. As will be seen below, the results suggest further modification to the notion of partial excluded measure. The three distinct partial excluded areas are V 11 , V 12 , and V 22 . The corresponding contact geometries are depicted in Fig. 1 . The partial excluded area for each case can be written as a function of R and λ.
Substituting these values, and the values for f 1 and f 2 , into Eq. (15) gives
Simplifying this gives
We may use this relationship to compute the critical number density n c given R, f , and λ,
We may compute the physical inclusion fraction for the binary disks of any number density n by
By Eq. (7) , we can write the physical fill fraction for such systems as
At percolation, Eqs. (23) and (21) give the percolation threshold c in terms of f and λ as
Eq. (21) may be checked explicitly for four degenerate cases in which the bidisperse system reduces to the monodisperse case. For f = 0 and f = 1 , the system contains either all large or all small disks. From Eq. (19) it is clear that the correct limits are obtained as, respectively, n c = η ex,c / 4 π R 2 and n c = η ex,c / 4 πλ 2 R 2 . The case λ = 1 also reduces to monodisperse disks of radius R , and we again obtain n c = η ex,c / 4 π R 2 , as expected.
The case λ = 0 is instructive, and reveals a deficiency in the direct application of the definition of excluded measure as inherited from the monodisperse case. Setting the radius of the smaller disks to zero effectively removes them from the system. Hence the expected critical concentration is the monodisperse formula for large disks, but with n c replaced by
(1 − f ) n c to reflect the lower effective concentration of large disks. That is, we expect the result
However, Eq. (19) instead returns
The reason for the unexpected term (1 − f / 2) can be seen in the expression V 12 . If the small disks were removed from the system, then both partial excluded areas involving the smaller disks, namely V 12 and V 22 , would be zero. However when λ is set to zero in Eq. (17) , V 12 is not zero, but π R 2 . The reason for this is physically clear: the calculation is accounting for the contact that occurs between the infinitesimally small disks contained within the area of the larger disk. Because the small disks occupy no space, and are completely contained within the area of the larger disk, this contact does not lead to the growth of clusters of inclusions, and therefore cannot contribute to percolation. Therefore this term represents a gap in the link between contact and percolation, which only becomes apparent when the disks are of greatly different sizes. Several approaches suggest themselves for correcting this effect, including explicitly removing configurations where one object is completely contained within the other, or weighting the various configurations by the amount the measure increases over a single inclusion. Exploring these ideas is of great interest, but a comprehensive study is beyond the scope of the current paper. Below we present a heuristic correction to Eq. (24) and consider the result.
Consider the area fraction of the smaller disks, given by
The quantity v λ ( f ) is the area of the small disks divided by the area of all disks in the system and takes values between zero and one. It is equal to zero when f is equal to zero and equal to one when f is equal to one, and will be strictly less than f for any other value. The difference becomes greater as λ becomes smaller, approaching a step function as λ approaches zero. Fig. 2 plots v λ ( f ) versus f for various values of λ.
As argued above, Eq. (24) overstates the contribution of the smaller disks to percolation when the radius ratio λ is small.
Substituting v λ ( f ) for f incorporates a "size correction factor" to offset the effects of spurious contacts that do not contribute to percolation. That substitution yields corrected expressions for c , as follows:
where v λ ( f ) is given by Eq. (26) . The substitution of v λ ( f ) for f in Eq. (24) to yield Eq. (27) is not a general substitution of v λ ( f ) for f , but rather a volume weighting that only applies to prediction of the percolation threshold. This substitution effectively weights the predicted contribution of the smaller disks to the onset of percolation by the ratio of the disk areas, λ. In particular, c can be used to calculate the predicted critical density from Eq. (23) . When λ is zero, v λ ( f ) is also zero, (24) in (a) and Quintanilla [24] and the predicted critical disk density is
Thus this substitution appears to satisfy the heuristic more fully, as it recovers the factor (1 − f ) . The hypothesis that η ex,c is invariant can be checked from the Monte Carlo results of [24] . Rearranging Eq. (24) to Eq. (28) allows η ex,c to be calculated on a case by case basis as, for the Monte Carlo simulations in [24] , although the values range between 3.1 and 4.5, which is comparable to the critical excluded area range of 3.2 to 4.5 observed for monodisperse, irregularly shaped planar objects [18] . We note that the calculations above include the spurious contacts due to completely contained objects, and these results may be improved by modified contact models. Fig. 6 a shows c plotted against f , with the comparison Monte Carlo results [24] shown in Fig. 6 b. The qualitative similarity between the curves is noteworthy. The peak values predicted by Eq. (24) are equal to the peak values predicted by Eq. (27) , and thus the comparison presented in Fig. 4 a is true of Eq. (27) as well as Eq. (24) . The locations of these peaks, however, are not the same. A comparison of the locations of the maximum percolation threshold values predicted by Eq. (27) to the published [24] results is shown in Fig. 7 . The location of the prediction of the peak is much closer to the published result. Thus, even though this formulation does not capture aspects of the monodisperse case, it seems a more promising starting point for future exploration.
Results
Remark 3. Eq. (15) assumes that the particle classes are drawn from discrete classes, however the hypothesis may be extended to systems with continuous distributions of particle classes. Consider a system of disks, each of which has a radius drawn from a probability density f ( R ) such as the Weibull or log-normal distribution. Then the critical value n c corresponding to the onset of percolation would be related to the invariant quantity η ex,c by η ex,c = n c
For disks V (R i , R j ) = π R i + R j
Discussion
The preceding results suggest that while η ex,c is not invariant for the binary disk system, the expressions resulting from an assumption of approximate invariance may be sufficient for material design purposes. It is relevant to note here that this analytical expressions can be manipulated algebraically and evaluated almost instantly, while the Monte Carlo results used for comparison required many weeks of computation to obtain [24] .
The assumption of constant average excluded measure used in the derivation of Eq. (24) includes spurious contacts between the large disks and completely contained smaller disks, even though these contacts do not increase the effective size of the cluster. The heuristic modifications resulting in Eq. (27) weight the contribution of smaller disks in proportion to their area, thus reducing the impact of these spurious contacts. The striking improvement due to this adjustment validates the overall approach, and suggests that analytical models giving close agreement are not out of the question.
Conclusion
In this work we presented an easily computed analytical expression for estimating the percolation threshold for a system with disks of two different radii. The percolation theory for the uniform disk system was extended based on the heuristic that the average excluded measure at percolation will be constant. Comparison to previously published Monte Carlo simulations show reasonable agreement of key parameters. This level of accuracy would be sufficient for many design tasks, especially considering the many deviations of a real material system from the geometric ideal. Slight adjustments in the analytical model yield striking similarity to the Monte Carlo results. Exploring further improvements to this heuristic is a topic of our current research.
